ABSTRACT. We show that Illusie's derived de Rham cohomology (Hodge-completed) coincides with Hartshorne's algebraic de Rham cohomology for a finite type map of noetherian schemes in characteristic 0; the case of lci morphisms was a result of Illusie. In particular, the E 1 -differentials in the derived Hodge-to-de Rham spectral sequence for singular varieties are often non-zero. Another consequence is a completely elementary description of Hartshorne's algebraic de Rham cohomology: it is computed by the completed Amitsur complex for any variety in characteristic 0.
INTRODUCTION
Let X be an algebraic variety over a characteristic 0 field k. If X is smooth, then the cohomology of the algebraic de Rham complex Ω * X/k is a good cohomology theory for X [Gro66] : it is canonically isomorphic to the Betti cohomology of X an if k = C, and hence gives a purely algebraic definition of the "true" cohomology groups of X. However, if X is singular, then the de Rham complex of X is rather poorly behaved as Ω 1 X/k is not locally free, and the cohomology of Ω * X/k does not compute the desired groups (see [AK11, Example 4 .4]). Instead, motivated by the analogy between formal completions in algebraic geometry and tubular neighbourhoods in topology, Hartshorne [Har75] 
Theorem. The Hodge-completed derived de Rham cohomology of any finite type morphism of noetherian Q-schemes is canonically isomorphic to Hartshorne's algebraic de Rham cohomology (ignoring filtrations).
For a precise formulation, see Corollary 4.27. One consequence is a manifestly choice-free construction of algebraic de Rham cohomology where certain properties (like the Kunneth formula) are obvious. Moreover, the Hodge filtration on derived de Rham cohomology defines a new filtration -the derived Hodge filtration -on algebraic de Rham cohomology. This filtration is finer than the standard Hodge-theoretic filtrations on algebraic de Rham cohomology (such as the infinitesimal Hodge filtration or the Hodge-Deligne filtration), and is a shadow of a spectral sequencethe derived Hodge-to-de-Rham spectral sequence -computing algebraic de Rham cohomology. The theorem above shows the non-vanishing of many differentials of this spectral sequence: the cohomology of the graded pieces of the derived de Rham complex is often infinite dimensional (due to singularities), but the cohomology of the total complex is always finite by the above theorem, so there must be "cancellation" throughout the spectral sequence.
An elementary consequence of our methods is an explicit description of Betti cohomology for algebraic varieties via the completed Amitsur complex, generalising Grothendieck's recipe [Gro68] from the smooth case. We present it here in the absolute affine setting, and simply note that it naturally extends to arbitrary flat maps (see Corollary 4.30):
Corollary. Let X = Spec(R) be a finite type affine C-scheme. Then there is a multiplicative isomorphism
where the completion on the right takes place along the multiplication maps R ⊗n → R, and the differentials are the alternating sums of the coprojection maps.
Notation and conventions.
For each n ∈ Z ≥0 , let [n] denote the poset {0 < 1 < · · · < n}, and let ∆ be the simplex category. For any category C, we use sC and cC to denote the categories of simplicial and cosimplicial objects respectively; for both cosimplicial and simplicial objects A over C, we write A n := A([n]) unless otherwise specified. If C has a final object, we use C * to denote the category of pointed objects in C, i.e., the category of maps * → X in C with * a fixed final object; if the initial and final objects in C coincide, then C * ≃ C, and C is called pointed. For a pointed category C, a map f : X → Y of objects in cC is called null-homotopic if it is homotopic to the constant map (defined via the final object); an object X ∈ cC is said to be homotopy-equivalent to 0 if id X is null-homotopic.
We use model categories to discuss homotopy-limits. Given a (nice) model category C and a small indexing category I, we write R lim I : Fun(I, C) → C for the homotopy-limit functor, which is a right Quillen adjoint to the "constant" functor C → Fun(I, C) for the injective model structure on the latter; alternatively, R lim I is the derived pushforward on C-valued sheaves along the map of sites I → * (with the indiscrete topology). We will implicitly use the commutativity of homotopy-limits with other homotopy-limits, i.e., the identification of the composites
→ C for small indexing categories I and J. The relevant examples are: I = N op (see below), J = ∆, and C = Ch(A) for some Grothendieck abelian category A (via the "Spaltenstein" model structure, see [Lur11b, Proposition 1.3.5.3]). We follow the convention Tot := R lim ∆ ; note that if K is a cosimplicial abelian group, then Tot(K) is equivalent to the chain complex underlying K via the Dold-Kan correspondence.
Given a category C with finite colimits and an object A ∈ C, we write Cech(A → ·) : C A/ → cC A/ for the "Cech conerve" functor, i.e., the left adjoint to the forgetful functor ev [0] : cC A/ → C A/ . Explicitly, for any map f : A → B, one has Cech(A → B)([m]) ≃ ⊔ [m] B where the coproduct is computed relative to A. If C is also a model category, then the functor Cech(A → ·) is a left Quillen adjoint under the injective model structure, and we abusively write use Cech(A → ·) to denote the left derived functor as well. Explicitly, Cech(A → B)([m]) is computed as ⊔ [m] P where P is a cofibrant replacement for B in cC A/ , and the coproduct is computed relative to A.
We write N op for the category underlying the poset underlying the non-positive natural numbers under the usual ordering. Given a diagram K : N op → C in some category C, we use {K k } to denote the corresponding object of Fun(N op , C), and similarly for objects in D(Fun(N op , A)) when A is abelian. For a Grothendieck abelian category A, we informally refer to an object {K k } ∈ D(Fun(N op , A)) as the associated system of quotients for an N opindexed complete separated filtration on K := R lim K k ∈ D(A); this convention may be formalised by viewing the auxilliary system {ker( A) ) of homotopy kernels as a filtration on K, but we never do this. A cochain complex K over A defines an object {K n } ∈ D(Fun(N op , A)) via K n := K/σ ≥n K, where σ ≥n denotes the stupid truncation of K in cohomological degrees ≥ n; one has K ≃ R lim n K n , and we refer to the resulting filtration on K as the stupid filtration on K.
The category sAlg (resp. csAlg) of simplicial (resp. cosimplicial simplicial) commutative rings plays a key role in this note. A map in sAlg is called surjective if it is surjective on π 0 . We implicitly use the following: if A → B is an equivalence in sAlg and M is a termwise flat simplicial A-module, then M ≃ M ⊗ A B. We identify ordinary rings with the corresponding constant simplicial or cosimplicial rings. For A ∈ sAlg, we write sMod A for the category of simplicial A-modules. For A ∈ csAlg, we write csMod A or c(sMod A ) for the category cosimplicial simplicial A-modules M , i.e., the data of a simplicial A n -module M n for each n ∈ ∆ together with cosimplicial structure maps
There are well-defined interval objects ∆[1] ∈ c(sMod A ) (induced by the ones in cMod Z by base change), so it makes sense say that an object K ∈ c(sMod A ) is homotopy-equivalent to 0. A chain complex K over some abelian category is called connective if Proof. The existence of the adjoint follows from the adjoint functor theorem. Explicitly, the formula is
where A(i) : A 0 → A n is the cosimplicial structure map defined by i, and the cosimplicial structure of F (M ) is the evident one. An explicit homotopy between the identity map on F (M ) and the 0 map can be constructed using the formulas in [BdJ, Example 2.16]. Alternatively, observe that the formula for F can be rewritten as
In other words, F (A 0 ) defines a A 0 -module in the category csMod A , and F is the unique colimit preserving functor prescribed by setting F (A 0 ) as above. Hence, it suffices to check that F (A 0 ) is homotopy-equivalent to 0. However, F (A 0 ) is easily identified with ∆ A (•), so the claim follows from Corollary 2.4.
The next lemma describes the effect of taking (derived) iterated tensor products on differential forms; it is formulated in terms of derived Cech conerves of maps in sAlg, a notion discussed further in Construction 3.1.
Lemma 2.6. Let A ∈ sAlg, and let P be a simplicial polynomial A-algebra. Let P ( * ) = Cech(A → P ) ∈ c(sAlg A/ ) be the Cech conerve. Then Ω k P ( * )/A ∈ c(sMod P ( * ) ) is homotopy-equivalent to 0 for k > 0. Proof. It suffices to show the k = 1 case as homotopy-equivalences are preserved under the termwise application of the exterior power functor. The Kunneth formula gives Ω 1 P ( * )/A ≃ F (Ω 1 P/A ) where F : sMod P → c(sMod P ( * ) ) is the left adjoint to the restriction c(sMod P ( * ) ) → sMod P , so the claim follows from Lemma 2.5.
The following observation is the main result of this section.
Corollary 2.7. Fix a map
Proof. Choose a simplicial polynomial A-algebra resolution P → B with Cech conerve P ( * ) ∈ c(sAlg A/ ), and let I ⊂ P ( * ) is the cosimplicial simplicial ideal defining the augmentation P ( * ) → P . Then we have the following explicit models:
The first claim then follows from Lemma 2.6. The same lemma also implies that Ω 1 P ( * )/A ⊗ P ( * ) P and its wedge powers are homotopy-equivalent to 0 in c(sMod P ). The second claim now follows by considering ∧ k of the (cosimplicial) transitivity triangle Ω
of simplicial P -modules.
Remark 2.8. Corollary 2.7 yields the following (derived) descent statement: for a fixed base ring k, the functor L −/k is a sheaf for the flat topology on Alg k/ . In fact, Corollary 2.7 shows that
If f is faithfully flat, then flat descent [Gro95] identifies the left hand side with L A/k , which proves the descent assertion above.
) ≃ M by Grothendieck's argument for flat descent of modules; the claim follows from this one by considering the Postnikov filtration on the cosimplicial complex
. In a sequel, we will use this observation to define and study the derived de Rham cohomology of an Artin stack (in any characteristic).
THE ADAMS COMPLETION
3.1. Generalities. Our goal in this section is to introduce a variant of the usual I-adic completion operation on commutative rings A with ideals I. More precisely, we study the following construction of derived Cech conerves (whose name is inspired by the Adams resolution in algebraic topology):
Construction 3.1. Let f : A → B be a map in sAlg. Then we use Cech(A → B) ∈ csAlg to denote a (derived) Cech conerve of f ; this is computed by the usual Cech conerve of the map A → P for any simplicial polynomial A-algebra resolution P → B, and is independent up to homotopy of this choice. For any M ∈ Ch(A), we define the Adams completion of M along f as
If f is a quotient map of ordinary rings with kernel I ⊂ A, then we also write
Remark 3.2. In Construction 3.1, we may use any simplicial flat A-algebra resolution P → B to compute
Moreover, to get a completely functorial construction, one may use the canonical resolution. 
Example 3.4. Say f : A → B is a map in sAlg with a section. Then
In fact, the section gives a homotopy-equivalences
Indeed, this is Grothendieck's argument [Gro95] for flat descent: this follows from Example 3.4 when f has a section, and the general case is reduced to this one by base changing along the faithfully flat map A → B.
Example 3.6. Let f : A → B be a (derived) epimorphism in sAlg, i.e., assume that multiplication induces an equivalence B ⊗ A B ≃ B; examples include localisations as well as some large quotients, such as
3.2. Identifying the Adams completion of a noetherian ring. Following Carlsson, we will show that the Adams completion of a quotient map A → A/I coincides with the I-adic completion of A when A is noetherian.
Definition 3.7. Fix a Grothendieck abelian category
In fact, the full subcategory of D(Fun(N op , A)) spanned by strict-essentially 0 objects is a thick triangulated subcategory, and the R lim n -functor factors through the quotient category (often called the derived category of pro-systems in A).
Example 3.9. Let N ⊂ M be an inclusion of finitely generated modules over a noetherian ring R, and let I ⊂ R be an ideal. Consider the map f :
Then f is surjective, and the kernel {(I n M ∩ N )/I n N } is strict-essentially 0 by the classical Artin-Rees lemma.
We show that strict-essentially 0 systems form an ideal:
Proof. The Milnor sequence takes the shape
Since both lim and lim 1 vanish for a strict-essentially 0 system of A-modules, it suffices to show that {H −i (K n ⊗ A M n )} is a strict-essentially 0 system of A-modules for each i ≥ 0. This follows immediately from the Kunneth spectral sequence which gives a (functorial in n) finite filtration on H −i (K n ⊗ A M n ) whose graded pieces are subquotients of Tor
The following lemma plays a key role in relating derived and underived constructions later in this paper:
Lemma 3.11 (Quillen) . Let I ⊂ A be an ideal in a noetherian ring A, and let M be a finitely generated A-module.
Then the cone of the map
Proof. It suffices to check that {Tor A i (M, A/I n )} is strict-essentially 0 for i > 0. By dimension shifting, it suffices to verify the claim for i = 1. Choose a presentation
with F a finite free A-module, and R the kernel. Then
so the claim follows from Example 3.9.
Corollary 3.12. Let I ⊂ A be an ideal in a noetherian ring, and let M be a finitely generated A-module. For any object {K n } ∈ D ≤0 (Fun(N op , Mod A )), the natural map induces an equivalence
Proof. Consider the composite functor F :
where the first one is {− ⊗ A K n }, and the second one is R lim. Then F is an exact functor, and the map φ is simply F applied to the natural map
The claim now follows from Lemma 3.11 and Lemma 3.10. Proof. The B-action on M defines the desired homotopy. 
There is an evident natural transformation η : id → F , i.e., a functorial map η M : M → F (M ). We first claim that η M is an equivalence when M is an A/I n -module for any integer n ≥ 1. As both id and F are exact functors, devissage reduces the claim to the case n = 1, where it follows from Lemma 3.14. Hence, for any finitely generated A-module M , we have equivalences
Taking a limit over n ∈ N op and commuting R lim with Tot then gives an equivalence
There is a natural map
The term in cosimplicial level [m] ∈ ∆ in the source of φ is M ⊗ A (A/I) ⊗(m+1) . The corresponding term on the target of φ is R lim n (M/I n M ⊗ A (A/I) ⊗(m+1) ). Using Corollary 3.12 three times, we can rewrite this as
which is exactly the source of φ, proving that φ is an equivalence. 
is the totalisation of the simplicial cochain complex [n] → σ ≤k Ω * P/A (where σ ≤k refers to the stupid truncation in cohomological degrees ≤ k). This construction is independent of the choice of P (up to homotopy), and has graded pieces computed by
The above discussion also applies to any map of simplicial commutative rings in a topos. For a map f : X → Y of schemes, we write dR X/Y for dR OX /f −1 OY .
Remark 4.2.
A more explicit description of Construction 4.1 is: the complex dR B/A is the completion of the second quadrant bicomplex Ω * P/A (where * denotes the vertical variable) for the filtration defined by the rows. The homotopylimit definition is more convenient if one wants to see the E ∞ -algebra structure and also work with diagrams of rings. 
with the convention that I k = F for k ≤ 0. 
where F is the completion of
. It is a pleasant exercise to check that Ω We first prove a variant of Theorem 4.10 for certain maps of simplicial commutative rings using a convergence theorem of Quillen in §4.2. In §4.3, we prove the theorem in general, and use it to give an elementary description of Ω (Quillen) . Let A ∈ sAlg, and let I ⊂ A be a simplicial ideal with π 0 (I) = 0. Assume that I n ⊂ A n is a regular ideal. Then A is I-adically complete, i.e., the natural map A ≃ R lim n A/I n is an equivalence in sAlg A/ .
Proof. All ideals, modules and constructions that occur below are simplicial A-modules unless otherwise specified. By the convergence of the Postnikov filtration, it suffices to show that I n+1 is n-connected, which we show by induction on n. Tensoring 1 → I → A → A/I → 1 with I n and peeling of a suitable chunk gives an exact triangle
of simplicial A-modules. Note that I is connected, and I n is (n − 1)-connected by induction. The Kunneth spectral sequence shows that I ⊗ A I n is n-connected. Hence, it suffices to show that τ ≥1 A/I ⊗ A I n [−1] is n-connected.
This complex admits a complete decreasing separated exhaustive filtration 2 with graded pieces given by the simplicial A/I-complex Tor
, so it suffices to show n-connectivity for each of these complexes. By dimension shifting, we have
so it suffices to show the n-connectivity of Tor
The regularity of the ideal I gives a Koszul calculation of Tor * A (A/I, A/I n ) in each simplicial degree, and taking a homotopy colimit over ∆ op gives an exact sequence of simplicial A/I-modules
Since I is connected with I/I 2 termwise flat over A/I, the simplicial A/I-module ∧ a (I/I 2 )⊗ A/I Sym b (I/I 2 ) is (a+ b−2)-connected for any a, b ≥ 0. Hence, the preceding exact sequence together with the preservation of k-connectivity under homotopy-colimits shows that Tor
Remark 4.12. If I ⊂ A is an ideal in a simplicial commutative ring A, then the inverse system {π 0 (A/I n )} has surjective transition maps, and hence is acyclic for lim. As the functor of N op -indexed limits has cohomological dimension 1, it follows that the limit of {A/I n } in sAlg A/ and D(Mod A ) is the same. In particular, the limit appearing in Proposition 4.11 can be also be computed in D(Mod A ).
Remark 4.13. Let I ⊂ A be as in Proposition 4.11. Then the I-adic filtration Fil * H on A is a decreasing complete separated exhaustive filtration by Proposition 4.11. We can also identify the graded pieces as follows: by regularity of I, there is an equivalence equivalence
of simplicial A/I-modules. If Q ⊂ A, then we can identify Γ k with Sym k to write
Using regularity of I (and the transitivity triangle), there is an identification
Since the cotangent complex and its wedge powers are intrinsic to the map A → A/I in sAlg Q/ , one can then show that the filtration Fil * H on A is intrinsic to the map A → A/I in Ho(sAlg Q/ ). Going one step further, under the assumption Q ⊂ A, one can identify A n /I k n ≃ dR (An/In)/An /Fil k H for each n using the regularity of I n ⊂ A n (see Example 4.5). Taking a colimit over ∆ op gives an identification {A/Fil
Hence, there is a limiting equivalence A ≃ dR (A/I)/A for all simplicial Q-algebras A equipped with a termwise regular ideal I ⊂ A satisfying π 0 (I) = 0.
We can now give the promised reformulation of Quillen's theorem; in essence, the last statement of Remark 4.13 is true without the regularity assumption. This result can be viewed as a version of Theorem 4.10 for maps between simplicial Q-algebras with a connected kernel. with each F n a polynomial algebra on a set X n of generators, and each J n ⊂ F n an ideal defined by a subset Y n ⊂ X n of the polynomial generators such that both X n and Y n are preserved by the degeneracies (and a similar relative version). In particular, for each cofibrant object (F, J), the ideal J is (termwise) regular. The desired claim now follows from the arguments of Proposition 4.11 and Remark 4.13 by passage to cofibrant replacements. 
In particular, one has Comp
Proof. We may assume B is A-cofibrant, i.e., B is a simplicial polynomial A-algebra. 
}, so it suffices to check that ǫ is an equivalence. Passing to graded pieces, it suffices to check that the natural map
which is proven in Corollary 2.7.
Proposition 4.16 shows the "topological invariance" of the dR −/k functor:
Example 4.17. Fix a Q-algebra k, and let f : k → A be a connected simplicial k-algebra, i.e., k ≃ π 0 (A). For example, we can take A = Sym k (K) for any complex K ∈ D <0 (Mod k ). Then f is surjective, so Proposition 4.16
On the other hand, since f has a section (via the truncation map (A → B) ) computes the algebraic de Rham cohomology of f . Here we reprove this result "by hand" in a special case: A = C and B is a homogeneous singularity. The main idea is to prove homotopy-invariance for the functor R → Tot( Cech(C → R)), and then exploit the contracting A 1 -action on Spec(B). We start with a general criterion for acyclicity of certain complexes. Proof. The flatness hypothesis and devissage give K/I n K ≃ 0 for all n, so it suffices to prove K ≃ R lim n K/I n K. As K is a cochain complex, we can write K ≃ R lim m K/σ ≥m K where σ ≥m denotes the stupid truncation in cohomological degrees ≥ m. Commuting limits, we reduce to the case where K has only finitely many non-zero terms, where the claim is clear as K has I-adically complete terms. Proof. Since reduction modulo I commutes with completion, we may assume that A = A. Let K denote the cochain complex underlying the augmented cosimplcial A-algebra A → Cech I (A → A[t]). Then K has A-flat and I-adically complete terms. Moreover, since completion is exact (on finitely generated modules over noetherian rings), one also has an identification in cAlg A/
The formal Poincare lemma and the characteristic 0 hypothesis then show that the totalisation of the right hand side is simply A/I via the natural map. It follows that K/IK is acyclic. By Lemma 4.32, K is acyclic too, as desired.
Using the Poincare lemma, we can show (for a fixed characteristic 0 field C): On the other hand, computing the vertical totalisations first and using Lemma 4.34 shows that
where R lim ∆ denotes the homotopy-limit functor along the first projection ∆ × ∆ → ∆. The claim now follows by taking limits over the residual ∆ and comparing with the previous formula.
Here is the promised example:
Example 4.36. Let R be an N-graded finite type C-algebra with R 0 = C. Then Spec(R)
an is contractible, so
RΓ(Spec(R)
an , C) ≃ C. We will show that Tot( Cech(C → R)) ≃ C. The N-grading defines an action of the multiplicative monoid scheme A 1 on Spec(R) by dilations; explicitly, the grading gives a coaction map
where a i ∈ R i . In particular, there is a family {f t : Spec(R) → Spec(R)} of endomorphisms of Spec(R) parametrised by t ∈ C = A 1 (C) such that f 1 = id Spec(R) while f 0 comes from the contraction R ։ R 0 = C ֒→ R. By Proposition 4.35, pulling back along any f t induces the same map on cohomology. The claim now follows by comparing behaviours at t = 0 and t = 1.
THE DERIVED HODGE FILTRATION
For any algebraic variety X over a characteristic 0 field k, Corollary 4.27 gives rise to a spectral sequence This filtered object is independent of the choice of X • , and may be characterised intrinsically as the h-localisation of the (filtered) presheaf of de Rham complexes on the site of all X-schemes [Lee09] . If k = C and X is proper, then the induced filtration on H * (X an , C) is simply the Hodge filtration from mixed Hodge theory [Del71] ; we call it the Hodge-Deligne filtration here to distinguish it from the other filtrations.
We now record the relation between certain natural filtrations:
